As a more powerful transmission device, planetary roller screws PRSs recently have received more attention, compared to conventional ball screws. However, due to the complicated and unclear relationships among the PRS components' parameters, it is difficult to design high-quality PRSs. To facilitate the PRS design, a new study on the parameter relationships of PRS is conducted in this work. New models of the axial stiffness and the frictional moment of PRS are developed, and the relationships of the axial stiffness and the frictional moment in terms of contact angle, helical angle, and tooth number of the roller thread are investigated. This study could contribute to the research of PRS to improve its transmission performance, especially to increase its positioning accuracy.
Introduction
Planetary roller screws PRSs are mechanical transmission devices for motion conversion between rotary and linear. A PRS mainly consists of a nut, a screw, and a group of rollers. The nut includes two planetary carriers and two ring gears on both ends to locate and guide the rollers. Each roller has a single-start thread with convex flank and a number of teeth at the ends. While the screw is rotating and the nut is moving, the nut and the rollers slide along axial direction of the screw. Meanwhile, the rollers rotate and engage with the screw and the nut, simultaneously. Compared to conventional ball screws, PRS has the following advantages: 1 PRS can take larger loads, 2 PRS has better kinematics and dynamics, 3 in working condition, PRS generates less vibration and lower noise, 4 PRS can work in much tougher condition, and 5 the transmission precision of PRS is higher. Due to these advantages, much research on PRS has been carried out, and the PRSs have been used in the medical, aerospace, and machine tools industries.
Mathematical Problems in Engineering
Earlier work on PRS has included research on the efficiency and failure modes 1 , dynamical load testing 2 , a calculation method for the static stiffness of PRS 3 , and a study on the effects of wet and dry lubrications under oscillatory motion 4 . In recent years, Tselishchev and Zharov 5 provided a calculation method for an elastic element operating at large displacements with a distributed load. This method could be used to select the static and dynamic characteristics of PRS mechanisms. Velinsky et al. 6 used the concept of orbital mechanics to analyze the kinematics and the efficiency of PRS. The paper showed that though slip must occur between the rollers and the screw of PRS, the overall lead of the mechanism was independent of this slip. Hojjat and Mahdi Agheli 7 analyzed the capabilities and limitations of PRS and showed that large leads and extremely small leads were easily obtainable. The slip phenomenon had been studied regarding the forces acting on the roller during the rotation of screw. Jones and Velinsky 8 extended the kinematics model of 6 and provided a fundamental research of the nut-roller contact slip tendency of PRS and the associated axial migration of the roller relative to the nut. Jones and Velinsky 9 furthermore used the principle of conjugate surfaces to establish a contact kinematical model at the screw-roller and nut-roller interfaces. In addition, optimal design of PRS for thread clearance and gear parameters was discussed in [10] [11] [12] . An axial stiffness model considering load distribution of PRS was established 13 and stress distribution of roller thread was also obtained 14 . However, the relationships and constraints among the PRS components are complicated, and some of them are unclear. Up to now, few research works on the parameter relationships of PRS have been conducted in order to design high-quality PRSs. The relationships of the axial stiffness and the frictional moment in terms of the PRS components' parameters were seldom mentioned in the published articles.
To address the above mentioned problems and facilitate the PRS design, a new and comprehensive study on the relationships of the axial stiffness and the frictional moment in terms of the PRS components' parameters is conducted in this work. First, the structure and the mechanism of PRS are introduced. Second, the necessary conditions and the relationships among the PRS components' parameters are provided. Then, the models of the axial stiffness and the frictional moment of PRS are developed. Finally, the models are examined in detail to explicitly show the relationships of the axial stiffness and the frictional moment in terms of the PRS parameters.
Mechanism of the PRS

The PRS Structure
Basically, PRSs are classified into two types: standard PRS and inverted PRS. A standard PRS consists of a screw, a nut, and a group of rollers. The lack of axial movement of the roller relative to the nut and the gearing of rollers to nut, are definitive of the standard PRS. Similarly, an inverted PRS consists of a screw, a nut, and a group of rollers. The lack of axial movement of the roller relative to the screw, and the gearing of rollers to screw are definitive of the inverted PRS. This type of roller screw is developed simultaneously with the standard PRS. Since the standard PRS is more applicable in industry, this work is focused on the standard PRS, which is illustrated in Figure 1 .
In this diagram, the screw A, a shaft with a multistart V-shaped thread, provides a helical raceway for the multiple rollers that are radially arrayed around it and encapsulated by a threaded nut C with internal threads, which are complementary to that of the screw. The rollers D have a single-start thread with convex flanks which reduce the friction at the interfaces. The matched helix angle prevents axial movement between the nut and the rollers as the rollers spin. The nut assembly includes planetary carriers F and ring gears B that position and guide the rollers. The planetary carriers, which rotate within the ring gears, have equidistant holes that act as rotary bearings for the smooth pivot ends of the rollers. The ring gears time the spinning and orbit of the rollers about the screw axis by engaging gear teeth E near the ends of the rollers. The planetary carriers rotate on axis with the screw in unison with the orbit of the rollers. The planetary carriers float relative to the nut, axially secured by the spring rings G, because they spin around the screw at a lower angular velocity than the nut. Besides, the parameters α 0 and β 0 are the contact angle and the helix angle, respectively.
Necessary Conditions of Parameter Design of PRS
The operating mechanism of the components is analogous to the motion of a planetary gear train. While the rollers roll inside the nut, they create a virtual internal thread between the screw and the nut. The thread and the gear of roller are engaged with nut thread and ring gear synchronously. In order to realize the above movements, necessary conditions must be realized as follows.
Pure Rolling between the Nut and the Roller
Based on the principle of a planetary gear train, the relationship between the angular velocities can be described in the following equations 15 : 
No Relative Axial Movement between the Nut and the Roller
In order to guarantee no relative axial movement between the nut and the roller, firstly the helix angle on the nut thread must be equal to that of the thread on the roller. Based on the relation of the movements, the linear velocity of the contact point between the roller and the screw is defined as v as shown in Figure 2 . Since the nut is fixed, the linear velocity of the contact point between the roller and the nut has to be zero. 
Condition of Concentricity
Since the rollers rotate around the screw with planetary motion, the rollers are concentric with screw and nut. The distance between the centers of the roller and the nut can be calculated as
The center distance between the roller and the screw can be written as 
Spaced Distribution of Rollers
The rollers are located symmetrically around the screw. It is necessary to retain a certain distance between two consecutive rollers. So the angle between two consecutive rollers can be defined as θ 360
• /N 0 . In ΔAO 1 B as shown in Figure 2 , the relationship can be stated as
where N 0 is the number of rollers. In Figure 2 , D r denotes the external diameter of the roller. With AB > D r , the relationship between the center distance of two consecutive rollers and external diameter of the roller is described as
The maximum number of rollers can be obtained from 2.17 as
Noninterference between Roller and Screw Threads
In PRS, since the roller's helix angle is the same as that of the nut, no interference can occur. However, the interference problem has to be considered between the roller and the screw 7 16 . The contact point between the roller and the screw is defined as A in Figure 2 , the intersection point between external diameter of the screw and external diameter of the roller as C , and an arbitrariness point between point A and point C as B . When contact point is at point C ; the maximum axial displacement p/2 is reached between the helix lines of the roller and the screw. Therefore, the problem of interference of helix line may present at point C , the condition of noninterference needs to be analyzed between the roller and the screw. By using the Law of Cosines in ΔO 1 O 2 C , as shown in Figure 2 , one may get
where α is the phase angle between the two consecutive screw threads.
Substituting D s and D r into 2.19 gives
The angle of α in Figure 2 can be expressed as
Similarly, we have
2.22
where β is the phase angle between the two consecutive roller threads. In practice, when the phase angle between the two consecutive screw threads is α, the axial displacement between them can be written as
Similarly, l r n r pβ 360
• .
2.24
If the hands of the screw threads are the same as that of the roller thread, the directions of l s and l r are opposite. Therefore, no interference happens when condition l s l r < p/2 is satisfied. Substituting 2.23 and 2.24 to the condition leads to n s α β < 180
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When the direction of l s is the same as that of l r , then the condition without the problem of interference is l s − l r < p/2, and we have
From the above analysis, the condition of engagement between the rollers and the screw is that the hand and helix angle should fulfill the requirements given in 2.25 and 2.26 . Besides, the pitch of screw has to be equal to that of the roller, whereas the hand and helix angle may be different.
Relationship between the Number of Rollers and the Number of the Starts
Assuming that the lead of nut is equal to n n p, the axial displacement of nut, l n , is then equal to n n p/N 0 . The axial displacement of the thread at the engagement points of two consecutive rollers and the screw is also equal to l n . Rollers and screw can engage normally only when the distribution of the screw thread with the 360
• /N 0 is the same as that of two consecutive rollers at the engagement points. The l n can be chosen as the following three numbers: i l n p n n N 0 ; that is, the starts of the nut are equal to the number of rollers. For this case, all rollers have no relative axial displacement. As a result, when the discrepancy of the screw thread is 360
• /N 0 , they can only engage normally with the axial displacement being integer times of p. Therefore, the relationship between the number of rollers and the starts would be described as
with C a positive integer.
ii l n < p n n < N 0 ; that is, the starts of the nuts are less than the number of rollers. When the discrepancy of the screw thread is 360
• /N 0 and with the screw, the rollers and the nut having the same hand, the axial displacement of screw is n s p/N 0 C − 1 p n n p/N 0 . Accordingly, the relationship between the number of rollers and the starts is
If the hand of screw is opposite to that of rollers and nut, the axial displacement of screw is n s p/N 0 Cp − n n p/N 0 . Similarly, the relationship between the number of rollers and the starts is written as
iii p < l n < 2p N 0 < n n < 2N 0 . When the discrepancy of the screw thread is 360
• /N 0 and the hands of the screw, the rollers, and the nut are identical, Mathematical Problems in Engineering 9 the axial displacement of screw is n s p/N 0 C − 1 p − p n n p/N 0 . Likewise, the relationship between the number of rollers and the starts is represented as
If the hand of the screw is opposite to that of the rollers and the nut, the axial displacement of screw is n s p/N 0 C 1 p − n n p/N 0 . In the same way, the relationship between the number of the rollers and the starts is expressed as
Engagement Condition between Gear and Thread of the Roller
The thread and the gear of the rollers engage with the nut thread and ring gears. In order to ensure that the rollers move in the screw grooves, we must follow the conventional standards of the gear design 17 . In addition, the tip diameter of gear should be less than the external diameter of the thread, indicating
where m g denotes the module of gear and h * a the addendum modification of gear.
Assemble Condition of Rollers
During the assembling, it is required that all rollers are assembled in the nut in turn. Both the revolving angle and the spinning angle are limited with revolving angle to be 360 
Modeling of Axial Stiffness for PRS
The axial stiffness is a dominating parameter for dynamic performance of PRS. It can be obtained by solving the axial elastic deformation. The normal load created on the contact surface of either the screw or the nut can cause an elastic deformation which is the total deformation of two solid surfaces under the Hertzian contact. Therefore, the total deformation of PRS is calculated by summing the Hertzian contact deformation, the contact deformation at two consecutive teeth of roller thread, and the axial deformation on teeth of screw thread and nut thread.
Hertzian Contact Deformation
According to the Hertzian contact theory, the contact deformation, δ h , can be calculated as
where E is the effective Young's modulus, which can be explicitly shown as
n /E n , with μ s being the Poisson's ratio of the screw, μ n the Poisson's ratio of the nut, E s and E n the Young's modulus of the screw and the nut, respectively, e the eccentricity of contact ellipse, K e the complete elliptic integral of the first kind, and N the normal load. The dimensionless coefficients m a and m b are approximated as
where L e is the complete elliptic integral of the second kind, and k b/a with a and b being the half lengths of the major and minor axis of the elliptical contact surface as
where ρ denotes the curvature sum. The main curvature parameters, ρ 11 , ρ 12 , ρ 21 , and ρ 22 , are given dependently upon the calculations for the screw or the nut. In the screw raceway, In the raceway of the nut
where R denotes the radius of effective ball, as shown in Figure 3 , and can be written as
where α 0 is the contact angle. F ρ is expressed as a function of curvature
For a specific solution of F ρ , the parameters m a , m b , and 2K e /πm a can be then determined from the relationship of dimensionless contact parameters given in 18 , which is listed Table 2 of the appendix. 
Poisson's ratio μ s , μ n 0.3 and in the raceway of the nut
where τ denotes the tooth number of roller thread, and f s and f n are defined to be the elastic modulus of elliptical contact points of the screw and the nut, respectively. So we can get
3.11
The Hertzian contact deformation component in the axial direction yields
where β 0 is the helix angle as shown in Figure 1 , which satisfies tan β 0 n s p πd s .
3.13
The following load distribution expression can be obtained from literature 19 :
where F denotes the axial load, A s and A n are the effective cross-section areas of the screw and the nut, respectively, which can be derived as
with D n and d n being the external diameter and effective diameter of the nut. It is assumed that the load distribution of screw is the same as that of the nut. So the relationship between axial load and normal load is written as
The above equations can be used to achieve the axial contact deformation of the nut
where N τ is the normal load of the τth tooth of roller thread.
Axial Deformation of the Two Consecutive Teeth of the Roller Thread
The axial tension F sr of the screw and the axial compression F nr of the nut are acting on the rollers from the operating conditions. In the screw raceway, the axial deformation of half pitch from m − 1 th thread tooth to mth thread tooth is expressed as
In the raceway of the nut
The total axial deformation of the two consecutive teeth of the roller thread can be stated as
Axial Deformation on Teeth of the Screw Thread and the Nut Thread
There are six types of elastic deformations generated due to the normal load N i acting on the ith thread tooth as follows 20 : the bending deformation δ 1 , the deformation δ 2 from shear force, the deformation δ 3 of the thread tooth from the inclination moment, the shear deformation of thread tooth root δ 4 , the deformation δ 5 of the screw thread tooth from radial shrinkage, and the deformation δ 6 of the nut thread tooth from radial expansion. They are expressed as
3.22
The subscript x denotes the associated components as s and n for the screw and the nut, respectively. The total axial deformation of the screw is the summation of five components
The total axial deformation of the nut is δ n δ 1 δ 2 δ 3 δ 4 δ 6 3.24 and the total axial deformation, δ, of PRS is obtained by summing the Hertzian contact deformation, the axial deformation of the two consecutive teeth of the roller thread, and the axial deformation on teeth of the screw thread and the nut thread as follows:
Modeling of Frictional Moment for PRS
In this study, the frictional moment caused by elastic hysteresis and roller's spinning sliding is studied in detail.
Frictional Moment Caused by Elastic Hysteresis
As shown in Figure 3 , the rollers in a PRS are mainly subjected to the loads perpendicular to the tangent plane at each contact surface 21 . Because of these normal loads, the rolling elements and raceways are brought into contact.
As a rolling element under compressive load travels over a raceway, the material in front of the contact direction undergoes compression while the material in the rear of the contact is released. Based on the Hertzian contact theory, the work done by the compressive stress when the rolling element moves forward unit distance along the half lengths of the minor axis of the elliptical contact zone can be stated as 
4.2
Since the energy loss is generated by elastic hysteresis in the rear of the contact area, the rolling frictional moment developed can be expressed as
where f g γW/N, f g is rolling coefficient of friction and γ is loss coefficient of energy. Hence 
Frictional Moment Caused by the Spinning Sliding
From the load distribution and contact area distribution on teeth of the roller thread, the frictional moment of differential area can be determined and the sliding friction force acts on origin of contact ellipse. Thus, the frictional moment caused by the spinning sliding on the screw side or nut side is equal to the sum of frictional moment on each roller. And the frictional moment of one roller can be calculated by the sum of all teeth moment components. In the screw raceway, the component of sliding frictional moment in the axial direction is calculated by integrating over the contact area from −a si 1 
Results and Discussion
Load Distribution on Teeth of the Roller Thread
By using 3.9 to 3.16 and the parameters from Table 1 , the load distribution on teeth of the roller thread can be achieved from numerical solutions. As shown in Figure 4 , the load distribution on all twenty teeth of the roller thread obviously increases by increasing the axial loads. The axial load acting on the first tooth of roller thread is generally higher than that of other teeth because the first thread tooth is most close to the gear of roller as the diameter of root circle of the gear is smaller than inner diameter of roller thread. The relationship between the load distribution of the roller thread and the axial load has a similar tendency with that provided in 19 . Besides, it can be also seen from Figure 4 that the load distribution of the roller thread becomes worse as the axial load increases.
Total Elastic Deformation in Axial Direction
The total axial elastic deformation increases with the increase of the axial load as shown in Figure 5 . Without preload, and when an axial load is lower than 2,000 N, the total axial elastic deformation increases rapidly because of fewer contact points among the screw, the roller, and the nut. The increase of deformation obviously slows down when the axial load is over 2,000 N. The preload can be added to promote the entire stiffness. It is found that among all deformations defined in 3.25 , the Hertzian contact deformation, δ h , contributes the majority of the axial elastic deformation. It can be observed from Figure 5 that the elastic deformation on nut side is larger than screw side, which is mainly because the radial expansion deformation of nut threads, δ 6 , is larger than the radial shrinkage deformation of screw threads, δ 5 . 
Relationship between the Contact Area on Teeth of the Roller Thread and Axial Load
The load is distributed on teeth of the roller thread and the contact area is directly influenced by the frictional moment. To enhance PRS's transmission efficiency, the distribution of contact area on teeth of the roller thread should be analyzed. The distribution and variation of contact areas on both screw side and nut side are almost the same trend as shown in Figures 6 and  7 . When the axial load is less than 5,000 N, the contact area has no obvious variation. When axial load is equal to 10,000 N, the difference of contact areas between the first tooth and the 20th tooth on screw thread side is 0.0142 mm 2 , and on nut thread side the difference is 0.0171 mm 2 . It is thus clear that in spite of the increase of axial load, the contact area on screw side has gentle change, and the variation on nut side is always greater than that on screw side.
Relationship between the Frictional Moment and the Axial Load
The analysis of the relationship between the frictional moment and the axial load indicates that the elastic hysteresis gives little rise to friction and thus can be ignored as given in Figure 8 . The frictional moment is generated principally by roller's spinning sliding because the roller's spinning axis is always parallel to the axis of screw, and a contact angle α 0 is formed between the pressure direction and the axis direction of screw. Therefore, the spinning axis of the roller is restricted and results shown in Figure 8 express that for any motion of PRS sliding always occurs.
As shown in Figure 8 , the frictional moment caused by spinning sliding during movement is the greatest. The frictional moment increases with the increase of the axial load. It can be seen from Figure 8 that when the axial load is larger than 4,000 N, an approximately linear relation appears between the frictional moment and the axial load.
Influence of Contact Angle on Normal Load and Total Axial Elastic Deformation
The normal load created on the contact surface of either the screw or the nut can cause an axial elastic deformation. This elastic deformation denotes the total axial elastic deformation of two solid surfaces under the Hertzian contact. The axial elastic deformation created at contact point of either the screw or the nut and the variation of the normal load distribution under various contact angles are shown in Figures 9 and 10 , respectively. The contact angle has great influence on the normal load. Since the contact angle is critical to the pressure position, a moderate contact angle is beneficial to promote transmission efficiency, carrying capacity, and roller's rotary fluency. As shown in Figure 9 , the normal load on teeth of the roller thread decreases as the contact angle increases. And at the same operating conditions, the lower the normal load is, the lower the frictional moment is. Therefore, a larger contact angle should be selected. Similarly, it can be observed from Figure 10 that the total axial elastic deformation decreases with the increase of the contact angle, and the contact angle has stronger influence on the axial elastic deformation as the axial load increases. Hence, it is helpful to reduce the PRS's total axial elastic deformation and enhance its position accuracy if the contact angle is chosen properly.
Relationship between the Contact Angle and the Total Frictional Moment
From 4.7 and 4.8 , it can be concluded that the contact angle is directly related to the frictional moment from the spinning sliding. The normal load on teeth of the roller thread can be changed with the variation of contact angle as shown in 3.17 , which has indirect influence on the frictional moment caused by elastic hysteresis. The relationship between contact angle and total frictional moment is shown in Figure 11 . It can be seen from Figure 11 that a lower axial load has less influence on total frictional moment. On the contrary, a higher axial load can give rise to a rapid decrease of total frictional moment as the contact angle increases. Thus, in order to improve transmission efficiency and reduce frictional moment, the contact angle can be increased properly. But the contact angle cannot be too large, because the decreasing trend of frictional moment and axial elastic deformation slows down. A larger angle is unfavorable to the engagement of screw threads. In general, the contact angle should be around 45 • .
Relationship between Helix Angle and Total Axial Elastic Deformation
Equation 3.13 indicates that the helix angle is influenced by the starts of screw thread, n s , the pitch, p, and the effective diameter of screw, d s . From 2.12 and 2.15 , the starts of screw thread or nut thread are decided after the effective diameters of screw, roller, and nut are known. Therefore only the pitch of screw is changed in the present study, and the influence of helix angle on total axial elastic deformation is analyzed. When the pitch is equal to 1 mm, Figure 12 shows, the axial elastic deformation is slightly decreased by increasing the helix angle, and the higher the axial load is, the more obvious the decrease trend is, which is helpful to promote PRS's transmission performance. The lead and the feed speed will be increased due to a large helix angle. However, a relatively higher lead will increase difficulty of manufacturing, the error of thread processing, and the starting moment. Therefore, the deformation, torsion, and so forth should be considered to select suitable helix angle during PRS parameter design.
Relationship between the Helix Angle and the Total Frictional Moment
Frictional moments created at the two contact surfaces due to the existence of a relative velocity between two moving surfaces are examined to be a function of the operating condition. Figure 13 exhibits the variations in total frictional moments with the helix angle of the screw. because the value of β 0 computed by 3.13 is very small, the variation of helix angle that influences the normal load acting on teeth of the roller thread is also much less, and the influence of increasing the helix angle has very little effect on the total frictional moment. It can be observed from Figure 13 that the total frictional moment is nearly a straight line without obvious variation as the helix angle increases. However, the linear feeding displacement and speed of PRS are directly affected by increasing the helix angle. Therefore, it is believed that the helix angle can be determined according to PRS's operating conditions.
Influence of Tooth Number of the Roller Thread on Total Axial Elastic Deformation
The tooth number of the roller thread is a dominating parameter for PRS parameter design. If axial load is considered as a constant, the force acting on each tooth of the roller thread decreases when the tooth number of the roller thread increases. It can thus be concluded that the total stiffness of PRS can be promoted if the tooth number of the roller thread is increased. And as shown in Figure 14 , the tooth number of the roller thread has great influence on the axial elastic deformation as the axial load increases. So the tooth number of the roller thread can be increased as appropriate according to the demand of carrying capacity and axial stiffness during PRS parameter design. 
Influences of the Tooth Number of the Roller Thread on Total Frictional Moment
In general, increasing tooth number of the roller thread of PRS will increase the frictional moment because more teeth is brought into contact. But it can be seen from Figure 15 that the frictional moment decreases as the tooth number of the roller thread increases. The reason is probably that the increase of tooth number of the roller thread will result in smaller normal load on each tooth, while the contact area of each tooth has no obvious variation when the axial load increases, as shown in Figures 6 and 7 . The similar conclusion can also be obtained by 4.7 and 4.8 . So it is beneficial to enhance the carrying capacity and reduce the total frictional moment if the tooth number of the roller thread is chosen properly.
Conclusions
1 Due to the radial expansion deformation of nut threads, the axial stiffness on nut side is less than that on the screw side. The frictional moment, which is principally generated by roller's spinning sliding, increases with the increase of the axial load.
2 The contact angle is a dominating parameter on the axial stiffness in high axial load. As the contact angle increases, the normal load on the rollers decreases dramatically, resulting in much more axial stiffness of the rollers and higher positioning accuracy of the PRS. A lower axial load has less influence on frictional moment. On the contrary, the frictional moment decreases more rapidly for higher axial load.
4 Due to the load distribution, the more the tooth number of the roller thread is, the less the pressure on each tooth is. The tooth number of the roller thread has great influence on the axial stiffness for higher axial load. Therefore, the axial stiffness of PRS can be enhanced by increasing the tooth number of the roller thread. The total frictional moment decreases as the tooth number of the roller thread increases. So it is helpful to enhance the carrying capacity and reduce the total frictional moment if the tooth number of the roller thread is chosen properly.
